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Abstract. In this paper we investigate general linear stochastic volatility
models with correlated Brownian noises. In such models the asset price satisfies
a linear SDE with coefficient of linearity being the volatility process. This class
contains among others Black-Scholes model, a log-normal stochastic volatility
model and Heston stochastic volatility model. For a linear stochastic volatility
model we derive representations for the probability density function of the
arbitrage price of a financial asset and the prices of European call and put
options. A closed-form formulae for the density function and the prices of
European call and put options are given for log-normal stochastic volatility
model. We also obtain present some new results for Heston and extended
Heston stochastic volatility models.
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1. Introduction
The famous Black-Scholes model with its relatively stringent assumptions does
not capture many phenomena of modern financial markets. A prime example is
the stochastic nature of the financial asset’s volatility, called volatility smile (see
for example Hull and White [5]). In recent years many stochastic volatility models
have been introduced and developed. However, making the volatility stochastic
complicate the models considerably (see for example Rebonato [14]). It is not
our aim to review the broad range of stochastic volatility models. We focus on
and develop the idea of modeling stochastic volatility in the simplest possible but
effective way. SABR is an excellent example of a model complex in nature but
simple in form. This well known and celebrated model, introduced in 2002 by
Hagan et al. [3], has been effectively used and investigated by market practitioners.
It turned out, soon after its introduction, that it is more effective than Black-Scholes
and local volatility models. The key idea in SABR is to make stochastic volatility a
simple stochastic process and then shift the difficulty of finding the financial asset’s
distribution to the level of finding the distribution of the diffusion describing the
Research partially supported by Polish MNiSW grant N N201 547838.
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asset price. Determining closed formulae for the asset price distribution in a SABR
model remains, in general, an unsolved problem (as far as the authors know).
The task of determining closed formulae for the probability distribution in a SABR
model with the parameter beta equal to one, called a log-normal stochastic volatility
model, has been investigated by Maghsoodi [11], [12]. In this case it is possible to
write out the solution of the model, i.e. the stochastic process representing the
asset price, as the exponential of a linear combination of functionals of a pair of
correlated Brownian motion. Maghsoodi used the techniques of changing time
and changing measure to find the joint density function of these functionals. The
same techniques had been used earlier by Yor in the problem of valuation of Asian
options (see [19]). However, Maghsoodi did not mentioned that the asset price loses
the martingale property in a log-normal stochastic volatility model in the case of
positive correlation between the asset price and its volatility.
In our work we reverse the idea of the SABR model and continue the line of
research of Hull and White [5] followed also by Romano and Touzi [16] as well
as by Leblanc [10]. We shift the complicated nature of the model to the level of
the process representing volatility, keeping the diffusion of the asset price relatively
simple. So, we assume that the asset price process X satisfies dXt = YtXtdWt with
Y given by dYt = µ(t, Yt)dt + σ(t, Yt)dZt, where the processes W and Z are cor-
related Brownian motions. We call this model a linear stochastic volatility model.
We prove that the distribution of the asset price in an arbitrary linear stochastic
volatility model has a density function and we derive the representation of that
function (Theorem 2.2). This representation depends on some functionals of the
process representing volatility, so the problem of determining the asset price dis-
tribution reduces to finding the distribution of a 2-dimensional functional of the
volatility. In Section 3, we point out two nontrivial examples of such models in
which we can benefit from representations of the asset price density function. The
first example is a log-normal stochastic volatility model which is a SABR model
with beta equal to one (it is also called the Hull-White model). We find closed
formulae for the density function in a log-normal stochastic volatility model using
the result of Matsumuoto and Yor [13] who derived the density function for the
vector of Brownian motion with drift and its exponential functional. In Section
4 we derive representations for European call and put option prices in the linear
stochastic volatility models. The representation for vanilla option prices is inde-
pendent of the distribution of the asset price itself. In particular, this allows us to
obtain formulae for the arbitrage prices of vanilla options in a log-normal stochastic
volatility model. Similar representations for European call and put option arbitrage
prices in a linear stochastic volatility model have also been given by Romano and
Touzi [16], but in a slightly different context. They considered a slightly different
model and established a set of assumptions under which they obtained representa-
tion results while proving the convexity of European call and put options in their
setting (also linear in our sense). In particular, they assumed that the coefficients
µ and σ in the definition of Y are bounded. In our work we relax this assumption
(see Theorem 4.1). In our examples the drift coefficient is not bounded, but the
representation for option prices holds. It should be mentioned that Leblanc [10]
gives the arbitrage price of call option in a linear stochastic volatility model, with
some concrete examples of volatility, in terms of Laplace and Fourier transforms.
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Closed formulae for the density function and vanilla option prices in a stochas-
tic log-normal volatility model are interesting and important for applications since
such models are popular, especially among the forex exchange options traders (see
[3]). Similar results for log-normal stochastic volatility models were also presented
in [11] and [12]. In Section 5 we present connections between a distribution of the
asset price process and prices of put options. In a linear stochastic volatility model
we represent the distribution of the process X giving the price of the asset in terms
of prices of put options (see Thm. 5.1). In Corollary 5.2 we find that a Laplace
transform of Xt for λ > 0 is equal to price of put option with random strike multi-
plies by constant. Next we consider the log-normal stochastic volatility model. We
present a relatively simple proof of the fact that the price process X is a martingale
if and only if ρ ≤ 0. As an example we indicate a possible applications of our results
to the Hull-White model. Taking the parameter ρ calibrated to market prices of
the options, we can obtain the calibrated distribution of the asset price process. In
Section 6 we consider the Heston and extended Heston volatility models. The first
and the most important result, which we present for these models, is that the asset
price is always a true martingale under a martingale measure. It is the new result
and the significant extension of results obtained by Wong and Heide [4]. These
authors assumed, after Heston, the special form of density of martingale measure
and under assumptions concerning the parameters of the model showed that the
asset price process is a martingale. In this paper we assume neither some special
form of martingale measure nor some additional assumptions about model param-
eters. We also find the Laplace transform of volatility functional in the extended
Heston model and propose some new approximation method of finding the Laplace
transform of vanilla option price.
2. Representation of the density function of the asset price in a
linear stochastic volatility model
2.1. Linear stochastic volatility models. We consider a market defined on a
complete probability space (Ω,F ,P) with filtration F = (Ft)t∈[0,T ], T < ∞, satis-
fying the usual conditions and F = FT . Without loss of generality we assume the
savings account to be constant and identically equal to one. Moreover, we assume
that the price Xt at time t of the underlying asset has a stochastic volatility Yt,
and the dynamics of the vector (X,Y ) is given by
dXt = YtXtdWt,(1)
dYt = µ(t, Yt)dt+ σ(t, Yt)dZt,(2)
where X0, Y0 are positive constants, the processes W,Z are correlated Brownian
motions, d〈W,Z〉t = ρdt with ρ ∈ (−1, 1), and µ : R+×R+ → R, σ : R+×R+ → R
are continuous functions such that there exists a unique strong solution of (2),
which is positive and
∫ T
0 Y
2
u du <∞ P-a.s.
Under these assumptions the process X has the form
(3) Xt = X0e
∫ t
0
YudWu−
∫ t
0
Y 2u du/2,
and this is a unique strong solution of SDE (1) on [0, T ]. The existence and unique-
ness follow directly from the assumptions on Yt and the well known properties
of stochastic exponent (see, e.g., Revuz and Yor [15]). The process X is a local
martingale, so there is no arbitrage on the market so defined.
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We call this model a linear stochastic volatility model, because the SDE (1)
governing the asset price is linear with respect to the asset price itself with coefficient
being the stochastic volatility Y . Note that the known models such as Black and
Scholes model, log-normal stochastic volatility model, Heston model (where Y 2 is
a CIR process) and Stein and Stein model belong to this class.
Remark 2.1. a) It is worth mentioning that the constant ρ in the model can be
replaced by a measurable, deterministic function ρ : [0, T ]→ (−1, 1) and the results
of this work remain true with minor modifications.
b) Our standing assumption is |ρ| < 1. However, our methods allow finding the
distribution of Xt in the case ρ = ±1. Indeed, we have W = ±Z in this case and
(4) Xt = X0e
± ∫ t
0
YudZu−
∫ t
0
Y 2u du/2,
so the problem of finding the distribution of Xt, for fixed t, reduces to deriving the
distribution of the vector (
∫ t
0 YudZu,
∫ t
0 Y
2
u du).
2.2. Existence of the density function and its representation. We start
with the main theorem of the paper on existence of the density function of the
underlying asset price in a linear stochastic volatility model, and its representation.
This representation allows us to find a closed formula for the density function
(see examples in the next section), which is important for applications (see, e.g.,
Carmona and Durrleman [2]).
Theorem 2.2. Fix t ∈ [0, T ]. In a linear stochastic volatility model the distribution
of Xt has the representation
(5) P(Xt ≤ r) = EΦ
(
ln rX0 − µZ(t)
σZ(t)
)
,
where r > 0, φ is the density function of a standard Gaussian random variable
N(0, 1), and
µZ(t) = ρ
∫ t
0
YudZu − 1
2
∫ t
0
Y 2u du,(6)
σ2Z(t) = (1− ρ2)
∫ t
0
Y 2u du.(7)
Moreover, the random variable Xt has density function gXt , which has the repre-
sentation
(8) gXt(r) = E
[
1
rσZ (t)
φ
(
ln rX0 − µZ(t)
σZ(t)
)]
.
If
(9) E
( ∫ t
0
Y 2u du
)− 12
<∞,
then the density function gXt is continuous.
Proof. Notice that we can represent W in the form
(10) Wt = ρZt +
√
1− ρ2Bt,
where (B,Z) is the standard two-dimensional Wiener process. The Itô lemma
applied to (1) together with (2) and (10) implies that
(11) lnXt = lnX0 + θZ(t) + θB(t),
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where
θZ(t) := ρ
∫ t
0
YudZu − 1
2
ρ2
∫ t
0
Y 2u du,
θB(t) :=
√
1− ρ2
∫ t
0
YudBu − 1
2
(1− ρ2)
∫ t
0
Y 2u du.
Let FZt = σ(Zu : u ≤ t). For fixed r > 0
P(Xt ≤ r) = E1{
X0 exp
( ∫
t
0
YudWu− 12
∫
t
0
Y 2u du
)
≤r
}(12)
= EE
[
1{
ρ
∫
t
0
YudZu+
√
1−ρ2 ∫ t
0
YudBu− 12
∫
t
0
Y 2u du≤ln rX0
}∣∣FZt ].
Since SDE (2) has the unique strong solution, there exists an appropriately mea-
surable function Ψ( , ) such that Y = Ψ(Y0, Z). Together with the fact that the
processes B and Z are independent Brownian motions, this implies that the random
variable θB(t), for a fixed trajectory of Zu, u ≤ t, has Gaussian distribution with
mean
µˆ = −1
2
(1− ρ2)
∫ t
0
Y 2u du
and variance
σˆ2 = (1− ρ2)
∫ t
0
Y 2u du.
Consequently, by (12), we obtain (5):
P(Xt ≤ r) = EP
(
µZ(t) + σZ(t)g ≤ ln r
X0
∣∣FZt
)
= EP
(
g ≤ ln
r
X0
− µZ(t)
σZ(t)
∣∣FZt
)
= EΦ
(
ln rX0 − µZ(t)
σZ(t)
)
,
where Φ is the cumulative distribution function of a standard Gaussian random
variable N(0, 1), g is a standard Gaussian random variable independent of FZt ,
µZ(t) and σ
2
Z(t) are given by (6) and (7), respectively. Since
∂
∂r
Φ
(
ln rX0 − µZ(t)
σZ(t)
)
=
1
rσZ(t)
φ
(
ln rX0 − µZ(t)
σZ(t)
)
,
by Fubbini theorem for nonnegative functions, we have for r > 0
P(Xt ≤ r) = E
∫ r
0
1
sσZ(t)
φ
(
ln sX0 − µZ(t)
σZ(t)
)
=
∫ r
0
E
[ 1
sσZ(t)
φ
(
ln sX0 − µZ(t)
σZ(t)
)]
ds.(13)
Hence the random variable Xt has the density function gXt given by (8).
The continuity of density, under assumption (9), follows from (8) and the Lebesgue
dominated convergence theorem. More precisely, we prove that the density gXt is
continuous at an arbitrary r > 0. Observe that
s −→ 1
sσZ(t)
φ
(
ln sX0 − µZ(t)
σZ(t)
)
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is continuous on (0,∞), and
1
sσZ(t)
φ
(
ln sX0 − µZ(t)
σZ(t)
)
≤ 1
r − ǫ
( 1
σZ(t)
)
φ
(
ln r+ǫX0 − µZ(t)
σZ(t)
)
:= J(14)
for s ∈ (r − ǫ, r + ǫ). Since, by (9), RHS of (14) (i.e. J) is integrable, we have
lims→r gXt(s) = gXt(r) by the Lebesgue dominated convergence theorem. 
Remark 2.3. From the last theorem it is clear that finding the distribution of Xt,
for fixed t, reduces to deriving the distribution of the vector (
∫ t
0 YudZu,
∫ t
0 Y
2
u du).
Remark 2.4. In the case of a lognormal stochastic volatility model (i.e. in a model
in which the process Y is a geometric Brownian motion) we can use the results of
Matsumoto and Yor [13] to obtain the distribution of (
∫ t
0
YudZu,
∫ t
0
Y 2u du), as we
can express its components in terms of At and Vt just as in the proof of Theorem
3.1 and use (22).
Remark 2.5. Taking Yt ≡ σ > 0 and ρ = 0, we see that the Black-Scholes model
is a linear stochastic volatility model and Theorem 2.2 gives the well known density
function of a random variable with log-normal distribution.
In the next proposition we give two sufficient conditions for (9) to hold.
Proposition 2.6. Suppose that
(15) E
( ∫ t
0
Y 2u du
)−m/2
<∞ for some m ≥ 1,
or there exists β > 0 and m ≥ 12β such that
(16) E
( ∫ t
0
Y −2βu du
)m
<∞,
then (9) holds.
Proof. i) Using Hölder inequality we see that (15) implies (9) for m ≥ 1.
ii) Assume that (16) holds. Since, by Hölder inequality,
t ≤
(∫ t
0
Y 2u du
) β
β+1
(∫ t
0
Y −2βu du
) 1
1+β
,
we have
E
( ∫ t
0
Y 2u du
)− 12 ≤ t− β+12β E(∫ t
0
Y −2βu du
) 1
2β
.
Hence, using Hölder inequality with with p = 2mβ ≥ 1, we see that (16) implies
(9). 
3. Closed form of the density function in log-normal stochastic
volatility model
A log-normal model was considered by Hull and White in the case of uncorrelated
noises [5], and it is a SABR model with β = 1, introduced in 2002 by Hagan et al.
[3], in the case of correlated noises. In this case the functions appearing in the SDE
for volatility are µ(y) ≡ 0 and σ(y) = σy for y > 0, where σ is a positive constant.
Thus the process Y is a geometric Brownian motion and
(17) Yt = Y0e
σZt−σ2t/2.
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Since,
E
∫ t
0
Y −2u du =
1
3σ2Y 20
[e3σ
2t − 1] <∞,
(16) with β = 1,m = 1 is satisfied. So, by Proposition 2.6, a log-normal stochastic
volatility model belongs to the class of linear stochastic volatility models, which
have continuous density.
Our main goal in this subsection is to find, for a log-normal stochastic volatility
model, a closed form of the density function of the random variable Xt for fixed
nonnegative t (see [12] for another result in this direction). We determine the
true distribution of the price process, so this allows to find a simple way to price
derivatives in that model.
Theorem 3.1. In a log-normal stochastic volatility model the density function of
the price Xt of the underlying asset has the form
gXt(r) =∫ ∞
−∞
∫ ∞
0
[
1
rY0
√
y 1−ρ
2
σ2
φ
(
ln rX0 − f(x, y) + Y 20 y
1−ρ2
σ2
Y0
√
y 1−ρ
2
σ2
)]
Gtσ2(x, y)dydx,
where
f(x, y) =
ρ
σ
Y0[e
x − 1]− ρ
2
2σ2
Y 20 y,(18)
Gt(x, y) = exp
(
− x
2
− t
8
− 1 + e
2x
2y
)
θ
(
ex
y
, t
)
1
y
,(19)
and the function θ is defined, using hyperbolic functions, by the formula
(20) θ(r, t) =
r√
2π3t
eπ
2/2t
∫ ∞
0
e−ξ
2/2t−r cosh(ξ) sinh(ξ) sin
(
πξ
t
)
dξ.
Proof. Set Y˜t := Yt/σ2 . It is clear, from (17), that
Y˜t = Y0e
−t/2+Z˜t ,
where Z˜t = σZt/σ2 is a Brownian motion. We can express µZ(t) and σ
2
Z(t), defined
by (6) and (7), in terms of Y˜t:
µZ(t) =
ρ
σ
[Y˜tσ2 − Y˜0]−
1
2σ2
∫ tσ2
0
Y˜ 2u du, σ
2
Z(t) =
1− ρ2
σ2
∫ tσ2
0
Y˜ 2u du.
Let
Vt := Z˜t − t
2
, At :=
∫ t
0
e2Vsds.
Then Y˜t = Y0e
Vt and
∫ t
0 Y˜
2
u du = Y
2
0 At. Using Theorem 2.2 we can write the density
function gXt/σ2 in terms of Vt and At:
(21) gXt/σ2 (r) = E
[
1
rY0
√
At
1−ρ2
σ2
φ
(
ln rX0 − f(Vt, At) + Y 20 At
1−ρ2
σ2
Y0
√
At
1−ρ2
σ2
)]
,
October 23, 2018 LINEAR SV MODEL 8 of 20
where f is given by (18). Now, we use the result of Matsumoto and Yor [13] which
gives the density function of the vector (Vt, At): they proved that for t > 0, y > 0
and x ∈ R,
(22) P(Vt ∈ dx,At ∈ dy) = Gt(x, y)dxdy,
where
Gt(x, y) = exp
(
− x
2
− t
8
− 1 + e
2x
2y
)
θ
(
ex
y
, t
)
1
y
,
θ(r, t) =
r√
2π3t
eπ
2/2t
∫ ∞
0
e−ξ
2/2t−r cosh(ξ) sinh(ξ) sin
(
πξ
t
)
dξ.
Hence (21) can be written in the form
gXt/σ2 (r) =
∫ ∞
−∞
∫ ∞
0
[
1
rY0
√
y 1−ρ
2
σ2
φ
(
ln rX0 − f(x, y) + Y 20 y
1−ρ2
σ2
Y0
√
y 1−ρ
2
σ2
)]
Gt(x, y)dydx,
with f , G given by (18) and (19). Replacing t by tσ2 in the above formula finishes
the proof. 
Remark 3.2. Although the formula for the density function of the price in the
log-normal stochastic volatility model is complicated, this result describes the true,
not approximate, probabilistic law for Xt. If X is a martingale, so describes the
arbitrage price of the asset, having the density function we are able to use the
risk-neutral valuation formula to price attainable European contingent claims. For
example, evaluating the arbitrage price of power option (see, e.g., [18]) reduces, by
Theorem 3.1, to computing the integral∫ ∞
0
∫ ∞
−∞
∫ ∞
0
[(r −K)+]α
rY0
√
y 1−ρ
2
σ2
Φ′
( ln rX0 − f(x, y) + Y 20 y 1−ρ2σ2
Y0
√
y 1−ρ
2
σ2
)
GTσ2(x, y)dydxdr,
with f,G given by (18) and (19). We stress that in this way we reduce the valuation
problem to numerical integration of the derived density function, as is usual in the
literature (see e.g. [2]). Thus we avoid using asymptotic expansions (as in [3]);
however, some difficulties arise during the numerical integration (see e.g. [1]). They
are caused by the oscillating nature of the so called Hartman-Watson distribution
density function which is a part of the density function derived by Matsumoto and
Yor [13].
4. Closed form of the arbitrage price of a vanilla option in a linear
stochastic volatility model
In this section we derive a representation of a vanilla option price in a linear
stochastic volatility model. We are interested in computation of the arbitrage prices,
so the processX describing the discounted price of the asset should be a martingale.
Next, as examples, we show how to deduce from Theorem 4.1 closed formulae for
option prices for the models of Section 3. In our examples we give conditions
guaranteeing that X is a martingale. Then, just as in Section 2, we show how the
valuation of vanilla options in that model can be reduced to finding the distribution
of the vector (
∫ t
0 YudZu,
∫ t
0 Y
2
u du).
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4.1. Representation of the arbitrage price of a vanilla option in a linear
stochastic volatility model. Now, we provide representations for the arbitrage
prices of European call and put options. These formulae generalize the famous
Black-Scholes formulae as well as the result of Hull and White for a stochastic
volatility model with uncorrelated noises [5].
Theorem 4.1. In a linear stochastic volatility model the time zero prices of Eu-
ropean call and put options with strike K > 0 and maturity t have the following
representations:
E[Xt −K]+ = X0E
[
eµZ(t)+σ
2
Z (t)/2Φ(d1(t))
] −KEΦ(d2(t)),(23)
E[K −Xt]+ = KEΦ(−d2(t))−X0E
[
eµZ (t)+σ
2
Z(t)/2Φ(−d1(t))
]
,(24)
where
d1(t) =
ln X0K + µZ(t) + σ
2
Z(t)
σZ(t)
, d2(t) = d1(t)− σZ(t),
and µZ(t) and σ
2
Z(t) are given by (6) and (7).
Proof. Recall that Xt = X0 exp(θZ(t) + θB(t)), where
θZ(t) := ρ
∫ t
0
YudZu − 1
2
ρ2
∫ t
0
Y 2u du,
θB(t) :=
√
1− ρ2
∫ t
0
YudBu − 1
2
(1− ρ2)
∫ t
0
Y 2u du.
We see that θZ(t) is FZt -measurable, so
E(K −Xt)+ = E
[
X0e
θZ(t)E
(( K
X0eθZ(t)
− eθB(t))+∣∣∣FZt )] := I.
We know, from the proof of Theorem 2.2, that the random variable θB(t), for a
fixed trajectory of Zu, u ≤ t, has the Gaussian distribution with mean
µˆ = −1
2
(1− ρ2)
∫ t
0
Y 2u du = −
1
2
σ2Z(t)
and variance
σˆ2 = (1 − ρ2)
∫ t
0
Y 2u du = σ
2
Z(t).
Using classical results we conclude that
I = E
[
X0e
θZ(t)
K
X0eθZ(t)
Φ
(− ln X0K − θZ(t) + σ2Z (t)2
σH
)
−X0eθZ(t)Φ
(− ln X0K − θZ(t)− σ2Z (t)2
σH
)]
= E
[
KΦ
(− ln X0K − µZ(t)
σH
)
−X0eθZ(t)Φ
(− ln X0K − µZ(t)− σ2Z(t)
σH
)]
= KEΦ(−d2(t)) −X0E
[
eθZ(t)Φ(−d1(t))
]
.
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By the same arguments we have
E(Xt −K)+ = E
[
X0e
θZ(t)E
((
eZ − K
X0eθZ(t)
)+∣∣∣FZt )]
= E
[
X0e
θZ(t)Φ
( ln X0K + θZ(t) + σ2Z (t)2
σH
)
−X0eθZ(t) K
X0eθZ(t)
Φ
( ln X0K + θZ(t)− σ2Z(t)2
σH
)]
= X0E
[
eθZ(t)Φ(d1(t))
]
−KEΦ(d2(t)),
which ends the proof. 
Corollary 4.2. Assume that X is a martingale. Then a call-put parity holds.
Proof. Using (23) and (24) we have
E(Xt −K)+ − E(K −Xt)+ = E(Xt)−K.
Hence and by the fact that E(Xt) = E(X0), since X is a martingale, we conclude
the assertion of the corollary. 
4.2. Examples. In this subsection we consider the previously discussed models.
4.2.1. Black-Scholes and log-normal stochastic volatility models. In these two cases,
closed formulae for the arbitrage price of European call and put options with strike
K > 0 can be derived. We emphasize that these results are not a direct consequence
of deriving the density function for the model. Rather, they are consequences of
the representation (see Theorem 4.1) of the arbitrage price of vanilla option in a
linear stochastic volatility model.
In the case of the Black-Scholes model, µZ(t) = −tσ2/2 and σ2Z(t) = σ2t, so (23)
and (24) immediately give the famous Black-Scholes formulae.
As before, the case of a log-normal stochastic volatility model is less trivial. We
give formulae for the arbitrage prices of vanilla options in such models (different
formulae were obtained in [12] in another way).
Remark 4.3. Sin [17] and Jourdain [8] proved that the condition ρ ∈ (−1, 0] is
equivalent to X being a martingale. So, in further considerations, whenever we
need X to be martingale, we consider only nonpositive ρ, and in this case P is a
martingale measure.
Theorem 4.4. In a log-normal stochastic volatility model the time zero arbitrage
prices of European call and put options with strike K > 0 and maturity t are given
by
(25) E[Xt −K]+
=
∫ ∞
−∞
∫ ∞
0
[
X0e
f(x,y)Φ(d1(x, y)) −KΦ(d2(x, y))
]
Gtσ2(x, y)dydx,
(26) E[K −Xt]+
=
∫ ∞
−∞
∫ ∞
0
[
KΦ(−d2(x, y))−X0ef(x,y)Φ(−d1(x, y))
]
Gtσ2(x, y)dydx,
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where f , G are given by (18) and (19), and
d1(x, y) =
ln X0K + f(x, y)
Y0
√
y 1−ρ
2
σ2
+
Y0
2
√
1− ρ2
σ2
y,
d2(x, y) = d1(x, y)− Y0
2
√
1− ρ2
σ2
y.
Proof. Arguing as in the proof of Theorem 3.1 and using the same notation we
have, by Theorem 4.1,
E[X t
σ2
−K]+ = E[X0ef(Vt,At)Φ(d1(Vt, At))−KΦ(d2(Vt, At))],(27)
E[K −X t
σ2
]+ = E
[ −KΦ(−d2(Vt, At))−X0ef(Vt,At)Φ(−d1(Vt, At))],(28)
and hence
E[X t
σ2
−K]+ =
∫ ∞
−∞
∫ ∞
0
[
X0e
f(x,y)Φ(d1(x, y)) −KΦ(d2(x, y))
]
Gt(x, y)dydx,
(29)
E[K −X t
σ2
]+ =
∫ ∞
−∞
∫ ∞
0
[
KΦ(−d2(x, y))−X0ef(x,y)Φ(−d1(x, y))
]
Gt(x, y)dydx.
(30)
To conclude the proof we replace t by tσ2 in (29) and (30). 
5. Connection between a distribution of the asset price process and
prices of put options
In this section we represent the distribution of the process X giving the price of
the asset in a linear stochastic volatility model in terms of prices of put options.
At first we note that X is a Markov process as a strong solution to SDE (1).
The crucial observation in this section is that the linear stochastic volatility model
has conditionally the structure of Black-Scholes model, so vanilla options prices
inherit some special properties of Black-Scholes that enable us to find a probabilistic
representation for a transition density function (see Thm. 4.1).
5.1. General results.
Theorem 5.1. In a linear stochastic volatility model with X0 = x we have, for
r ≥ 0,
P(Xt ≤ r) = ∂
∂r
Ex(r −Xt)+,(31)
gXt(r) =
∂2
∂r2
E(r −Xt)+dr.(32)
Proof. The differentiability of r 7→ E(r −Xt)+ follows from (24) and the Lebesgue
dominated convergence theorem. Indeed, we check that the derivative of the func-
tion under expectation operator of the right side of (24) is bounded by integrable
random variable, so we can differentiate under expectation operator in (24) and
simple algebra leads us to
(33)
∂
∂r
E(r −Xt)+ = EΦ
(
ln rX0 − µZ(t)
σZ(t)
)
,
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for r > 0. So (31) follows from (5).
To prove the second part we notice that the differentiability of r 7→ ∂∂rE(r −Xt)+
follows from the (33) and again the Lebesgue dominated convergence theorem.
This, (31) and the existence of density imply (31). 
In the next corollary we find that a Laplace transform of Xt for λ > 0 is equal
to price of put option with random strike multiplies by constant.
Corollary 5.2. In a linear stochastic volatility model we have, for any λ > 0,
(34) Ee−λXt = λE(Tλ −Xt)+,
where Tλ is exponential random variable with parameter λ independent of X.
Proof. We have, by (32),
Ee−λXt =
∫ ∞
0
e−λr
∂2
∂r2
E(r −Xt)+dr = λ
∫ ∞
0
λe−λrE(r −Xt)+dr,(35)
where we in the second equality we have integrated by parts and used (33) to
conclude ∂∂rE(r−Xt)+|r=0 = 0 . This is precisely the assertion of our corollary. 
Proposition 5.3. If EXt <∞, then for every r ≥ 0
(36)
∂2
∂r2
E(r −Xt)+ = ∂
2
∂r2
E(Xt − r)+.
Proof. Since
E(Xt − r) = E(Xt − r)+ − E(r −Xt)+,
taking the second derivative with respect to r we obtain (36). 
5.2. Log-normal stochastic volatility model. As we mentioned in Remark 4.3
Sin [17] and later Jourdain [8] proved that in the log-normal stochastic volatility
model the price process X is a martingale if and only if ρ ≤ 0. Their rather
technically complicated proof relied on Feller’s test for explosion. Here we have
presented a simple proof of this result.
Theorem 5.4. In the log-normal stochastic volatility model X is a martingale if
and only if ρ ≤ 0.
Proof. Sufficiency. Take any t ≥ 0. By (3), (10) and (11) we have
EXt = xEe
∫
t
0
YudWu− 12
∫
t
0
Y 2u du =
xE
[
exp
(
ρ
∫ t
0
YudZu − ρ
2
2
∫ t
0
Y 2u du
)
exp
(√
1− ρ2
∫ t
0
YudBu − 1
2
(1− ρ2)
∫ t
0
Y 2u du
)]
.
As processes Y and B are independent, we deduce taking conditional expectation
and using Girsanov theorem, that
EXt = xE
[
exp
(
ρ
∫ t
0
YudZu − ρ
2
2
∫ t
0
Y 2u du
)]
.
As the local martingale under the expectation is bounded
eρ(Yt−Y0)−
ρ2
2
∫
t
0
Y 2u du ≤ xe−ρY0 ,
it is a true martingale. This implies that EXt = x for all t. This concludes the
proof since X is a local martingale.
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Necessity. Suppose that ρ > 0 and assume without loss of generality that
Y0 = 1. Suppose, contrary to our claim, that X is a martingale. Then Mt :=
exp{ρ ∫ t
0
YudZu − ρ
2
2
∫ t
0
Y 2u du} is a martingale and we define, for t ≥ 0, a new
probability measure Q by
dQ
dP
|Ft :=Mt.
The process Bˆs = Bs − ρ
∫ s
0
Yudu for s ≤ t is a standard Brownian motion under
Q, by the Girsanov theorem. As Ys = e
Bs−s/2, the Itô lemma implies
0 < eBˆt−Bt = 1 +
∫ t
0
eBˆu−Bud(Bˆu −Bu) = 1− ρ
∫ t
0
eBˆu−BuYudu
= 1− ρ
∫ t
0
eBˆu−u/2du.
In result,
1 = Q
(
eBˆt−Bt > 0
)
= Q
(
1− ρ
∫ t
0
eBˆu−u/2du > 0
)
.
Contradiction. The process X can not be a martingale. 
In the next important example we use the notion of implied volatility in the
log-normal stochastic volatility model. The implied volatility in this context is a
function of three variables ( r representing the exercise price, x - current price of an
asset and t - time to expiration of an option) which inserted in the Black-Scholes
price of the option gives the arbitrage price of the option in considered stochastic
volatility model. But as we can see in Theorem 5.1 the second derivative of the
function r 7→ E(r−Xt)+ gives the density function of distribution of the asset price
X in the stochastic volatility model. So putting ρ calibrated to market prices of
the options we obtain the calibrated distribution of the asset price process. We
formulate these consideration in the form of remark.
Remark 5.5. The log-normal stochastic volatility model is a special case of SABR
model (parameter β = 1) for which the formula for Black–Scholes implied volatility
is given by
σ(r, x, t) = σ ln (x/r)
(
1 + t(σρy/4 + σ2(2 − 3ρ2)/24)
)
×
(
ln
(√
1− 2ρσ ln(x/r)/y + (σ ln(x/r)/y)2 + σ ln(x/r)/y − ρ
)
− ln(1− ρ)
)−1
(see [3]). In result we obtain
E(r −Xt)+ = rΦ(−d2)− xΦ(−d1),
where
d1 = d1(r, x, t) =
ln(x/r) + tσ2(r, x, t)/2
σ(r, x, t)
√
t
, d2 = d2(r, x, t) = d1(r, x, t)− σ(r, x, t)
√
t.
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This allows us to obtain, using Theorem 5.1, the density function of Xt in the
Hull-White stochastic volatility model
f(r) =
∂2
∂r2
E(r −Xt)+ = ∂
2
∂r2
(
rΦ(−d2)− xΦ(−d1)
)
=
e−d
2
2/2√
2π
(
rd2
(∂d2
∂r
)2
− 2∂d2
∂r
− r∂
2d2
∂r2
)
+
xe−d
2
1/2√
2π
(
d1
(∂d1
∂r
)2
+
∂2d1
∂r2
)
.(37)
In result, when we consider the Hull-White stochastic volatility model with pa-
rameter ρ calibrated to market prices of the options, the formula (37) gives the
calibrated distribution of the asset price process.
6. The Heston and extended Heston stochastic volatility models
In this section we consider a linear stochastic volatility model with Y 2t = Rt,
where R is a CIR or an extended CIR process. Thus, in fact, we consider the Heston
stochastic volatility model and the extended Heston stochastic volatility model.
Such a model belongs to class of linear stochastic volatility models considered in
this work. There is an economic motivation to model volatility of an asset by a
CIR and an generalized CIR process (see for instance [7, & 6.3.4]). Below we show
that under martingale measure the price of an asset X is always a martingale in the
case of a classical Heston model as well as in the case of an extended Heston model.
This is a new result and generalizes the results obtained by Wong and Heide [4].
We do not assume any special form of martingale measure density and do not pose
any additional assumptions on model parameters.
Let us recall that an extended CIR process is a process R given by
(38) dRt = κ(θ(t) −Rt)dt+
√
RtdZt,
where κ is a positive constant, θ : [0,∞) 7→ [0,∞) is a continuous function and
R0 ≥ 0. It is well known that Rt ≥ 0. If θ(t) ≡ θ > 0, then we have the classical
CIR process given by
(39) dRt = κ(θ −Rt)dt+
√
RtdZt,
If 2κθ ≥ 1, then the process is strictly positive (see 6.3.1 in [7]). More properties
of CIR and extended CIR processes can be found e.g. in [7, Chapter 6.3].
Remark 6.1. If R > 0 then we can use the Itô lemma to write SDE for
√
R and
check that obtained coefficients are locally Lipschitz. Thus we obtain the linear
stochastic volatility model as defined in Chapter 2, so with the volatility Y given
by a solution to SDE. In this case all previous results can be applied. In the general
case, we can still consider linear stochastic volatility model for R ≥ 0 and Y = √R.
Theorem 6.2. In the Heston and extended Heston stochastic volatility models the
process X is a martingale.
Proof. For the clarity of arguments, we divided the proof into two steps. In the first
step we prove theorem for the Heston model and in the second for the extended
Heston model.
Step 1. The Heston model.
To prove that X is a martingale it is enough to show that
Eeρ
∫ t
0
YudZu− ρ
2
2
∫ t
0
Y 2u du = Eeρ
∫ t
0
√
RudZu− ρ
2
2
∫ t
0
Rudu = 1.(40)
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For ρ = 0 it is obvious, so we assume that ρ 6= 0. Using [9, Cor. 3.5.14], a version
of Novikov condition, we see that it is enough to find a monotone sequence (tn),
tn →∞, such that
Ee
ρ2
2
∫ tn+1
tn
Rudu <∞.(41)
Define R˜t := R4t. Then
dR˜t = 4κ(θ − R˜t)dt+ 2
√
R˜tdZ˜t,
where Z˜ is a standard Brownian motion. From comparison theorem for SDE’s [9,
Prop. 5.2.18]) R˜t ≤ Gt, where G0 = R˜0 and
dGt = 4κθdt+ 2
√
GtdZ˜t,
so G is a squared Bessel process. This means there exists an M ∈ N such that
(42) Gt ≤ (B1(t) +G0)2 +
M∑
i=2
B2i (t) ≤ 2G20 + 2B21(t) +
M∑
i=2
B2i (t),
where Bi are the independent standard Brownian motions. Hence, by independence
of random variables on the RHS of (42), it is enough to prove (41) for 2B21 instead
of R. Let us observe that for an arbitrary t ≥ 0 and s ∈ (0, 12
√
t2 + 2/ρ2 − t)
Ee2
ρ2
2
∫
s+t
t
B21(u)du <∞.(43)
Indeed, for a fixed t ≥ 0 and s such that 0 < s < 12 (
√
t2 + 2/ρ2 − t), we obtain∫ t+s
t
Eeρ
2sB21(u)du <∞,
by properties of gaussian distribution. By Jensen inequality we have
Eeρ
2
∫
t+s
t
B21(u)du ≤ 1
s
∫ t+s
t
Eeρ
2t∗B21(u)du,
so (43) holds. Now, we define a sequence tn →∞ such that (41) for B21 instead of
R holds. Observe that for t >
√
ρ2
2(1−ρ2) we have
1
2t
<
1
2
(
√
t2 + 2/ρ2 − t).(44)
Let tˆ =
√
ρ2
(1−ρ2) and t
∗ =
√
1−ρ2
|2ρ3+ρ| . At first, assume that tˆ > t
∗. For any u ≤ tˆ− t∗
we have
t∗(t∗ + u) ≤ t∗tˆ =
√
1− ρ2
|2ρ3 + ρ|
√
ρ2
(1− ρ2) =
1
2ρ2 + 1
<
1
2ρ2
,(45)
which in turn implies that t∗ < 12 (
√
u2 + 2/ρ2 − u). Using these observation we
define a sequence (tn)n. Let n0 = inf{k ∈ N : (k + 1)t∗ ≥ tˆ }. Put t0 = 0, t1 =
t∗, t2 = 2t∗, ..., , tn0 = n0t
∗, tn0+1 = tˆ and tk+1 = tk +
1
2tk
for k ≥ n0 + 1. We have
0 < tn+1 − tn < 12 (
√
t2n + 2/ρ
2− tn), by definition of (tn) and (45) for n ≤ n0, and
(44) for n > n0. Thus (43) is satisfied for each n. Moreover, tn → ∞. Indeed, tn
is monotone, so limn→∞ tn = g exists. If g <∞, then g = g+ 12g , by the definition
of tn. Contradiction. Next, if tˆ ≤ t∗, then 2ρ4 ≤ 1 − 2ρ2 < 1 − ρ2 which implies
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that tˆ < 12
√
2
ρ2 . Therefore (43) is satisfied for t = 0 and s = tˆ. Thus, as a desired
sequence we can take t0 = 0, t1 = tˆ and tk+1 = tk +
1
2tk
for k ≥ 1. In result (41) is
satisfied, and the proof of the first step is complete from [9, Cor. 3.5.14].
Step 2. The extended Heston model. We follow the idea of Step 1.
Again, it is enough to show that for an extended CIR process R equality (40) holds.
Define R˜t := R4t. Then
dR˜t = 4κ(θ˜(t)− R˜t)dt+ 2
√
R˜tdZ˜t,
where θ˜(t) = θ(4t) and Z˜ is a standard Brownian motion. From comparision
theorem for SDE’s [9, Prop. 5.2.18] R˜t ≤ Gt, where G0 = R˜0 and
dGt = 4κθ˜(t)dt+ 2
√
GtdZ˜t.
Since θ is continuous, for every n there exists a constant M =M(n) ∈ N such that
θ˜(·) ≤M on [n, n+ 1] and
Gt ≤ (B1(t) +G0)2 +
M∑
i=2
B2i (t) ≤ 2G20 + 2B21(t) +
M∑
i=2
B2i (t).
For every n, using the first step, we have a finite set Tn of points t(n)i such that
n = t
(n)
1 < . . . < t
(n)
nk = n+ 1 and (41) holds. Arranging all elements of
⋃∞
n=1 Tn in
the incresing sequence finishes the proof. 
From Theorem 6.2 we know that the first moment of Xt exists. Our next goal
is to give conditions ensure that the k-moment of the X in the Heston stochastic
volatility model exists.
Proposition 6.3. Let ρ ≤ 0. If the natural number k satisfies k ≤ 11−ρ2 , then the
k-moment of Xt exists for t ≥ 0 in the Heston and extended Heston models.
Proof. Fix t ≥ 0. It is enough to prove the existence of moment for the extended
Heston model. From (3), from the fact R = Y 2 and from (39) we have
EXkt = x
kEek
∫ t
0
YudWu−k2
∫ t
0
Y 2u du = xkEe
kρ
∫ t
0
YudZu−
(
k
2− k
2(1−ρ2)
2
) ∫ t
0
Y 2u du
.
By (38)∫ t
0
YudZu = Y
2
t −Y 20 −κ
∫ t
0
θ(u)du+κ
∫ t
0
Y 2u du = Rt−R0−κ
∫ t
0
θ(u)du+κ
∫ t
0
Rudu
and Rt ≥ 0. In result
EXkt = x
ke−kρR0−kρκ
∫ t
0
θ(u)duEe
kρRt+kρκ
∫
t
0
Rudu−
(
k
2− k
2(1−ρ2)
2
) ∫
t
0
Rudu
(46)
≤ xke−kρR0−kρκ
∫
t
0
θ(u)du,
because Rs ≥ 0, ρ ≤ 0 and k(1− ρ2) ≤ 1. The result follows. 
Remark 6.4. Formula (46) gives a form of the k-moment of X in terms of the
Laplace transform Ee−λRt−γ
∫ t
0
Rudu for λ ≥ 0 and γ > 0. For the CIR process
the form of this transform is well known (see e.g. Proposition 6.3.4.1 in [7]). In
the next theorem we generalize this result and present an explicite form of Laplace
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transform for an extended CIR process. This, in particular, enables us to use (46)
to find an explicite form of the k-moment of X .
Theorem 6.5. Let R be an extended CIR process. For λ ≥ 0, γ > 0, t ≥ 0
λ >
√
κ2 + 2γ − κ we have
Ee−λRt−γ
∫ t
0
Rudu = e−R0f(t)−κ
∫ t
0
θ(s)f(s)ds,(47)
where
f(t) =
κ+
√
κ2 + 2γ + ce
√
κ2+2γt(
√
κ2 + 2γ − κ)
ce
√
κ2+2γt − 1
,(48)
c =
λ+ κ+
√
κ2 + 2γ
λ+ κ−
√
κ2 + 2γ
> 1.(49)
Proof. Let us denote R0 = r > 0. Define pγ(t, λ) := Ee
−λRt−γ
∫
t
0
Rudu for λ ≥ 0,
t ≥ 0. Using the Itô lemma we obtain
de−λRt−γ
∫ t
0
Rudu = −λe−λRt−γ
∫ t
0
Rudu
(√
RtdZt + κ(θ(t) −Rt)dt
)
(50)
− γe−λRt−γ
∫ t
0
RuduRtdt+
1
2
e−λRt−γ
∫ t
0
Ruduλ2Rtdt.
As e−λRt−γ
∫ t
0
Rudu ≤ 1 and as for fixed t > 0 the function supu≤t θ(u) < M for
some M ∈ N, we can use the same idea as Theorem 6.2 (see formula (42)) and
conclude the local martingale on the right side of (50) is a martingale. Thus taking
expectation in (50) we obtain
∂p
∂t
=
(
γ − κλ− λ
2
2
) ∂p
∂λ
− λκθ(t)p,(51)
p(0, λ) = e−λr.
Let us consider a diffusion U (in fact a deterministic one) given by
(52) dUt = (γ − κUt − 1
2
U2t )dt
with U0 = λ. The coefficient in (52) is locally Lipschitz, so there exists the unique
solution. In what follows we give an explicite form of nonexploding solution to
(52). Observe that Ut ≥ 0, again by comparision criterion for SDE (see [9, Ex.
2.19, Chapter V], if b1(x) = −κx− 12x2 then the unique solution of dUt = b1(Ut)dt,
U0 = 0 is a function identically equal to 0) and b1(x) < γ−κx− 12x2). Let us define
q(t, λ) := κθ(t)λ and consider the Cauchy problem
∂p˜
∂t
= AU p˜− qp˜(53)
p˜(0, λ) = e−λr,
where AU is the generator of U . The function p is a solution of (53), since p satisfies
(51). From the Feynman-Kac theorem and from the fact that U is deterministic
we obtain that
(54) p(t, λ) = e−rUt−κ
∫ t
0
θ(s)Usds.
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So to conclude the proof we have to find the explicit form of U . Therefore, we have
to solve the ordinary differential equation given by (52). Assume for the moment
that Ut + κ 6=
√
κ2 + 2γ for all t. We have
dUt
γ − U2t2 − κUt
= dt
and from that
t
√
κ2 + 2γ + c∗ = ln
Ut + κ+
√
κ2 + 2γ
|Ut + κ−
√
κ2 + 2γ| .(55)
Since U0 = λ we obtain
c := ec
∗
= ln
λ+ κ+
√
κ2 + 2γ
λ+ κ−
√
κ2 + 2γ
> 1.
Let us assume that Ut + κ >
√
κ2 + 2γ. Then, by (55),
ce
√
κ2+2γt =
Ut + κ+
√
κ2 + 2γ
Ut + κ−
√
κ2 + 2γ
and
Ut =
κ+
√
κ2 + 2γ + ce
√
κ2+2γt(
√
κ2 + 2γ − κ)
ce
√
κ2+2γt − 1
.(56)
Thus, U given by (56) is the unique solution to the differential equation (52) and
satisfies Ut >
√
κ2 + 2γ − κ. This concludes the proof. 
Using Theorem 6.5 we obtain an alternative proof of the well-known result for a
classical CIR process ([7, Prop. 6.3.4.1]).
Corollary 6.6. For a classical CIR process R and for λ ≥ 0, γ ≥ 0, t ≥ 0
λ >
√
κ2 + 2γ − κ we have
Ee−λRt−γ
∫ t
0
Rudu = e−R0f(t)+θκt(κ+
√
κ2+2γ)
(
ce
√
κ2+2γt − 1
)−2κθ
,
where f is given by (48) and c is given by (49).
Proof. In a classical CIR process θ(t) ≡ θ > 0. Therefore to prove corollary it is
enough to find
∫ t
0
Usds for θ(t) ≡ θ > 0 and U given by (56). Observe that for
constants A > 0, B > 0, C > 1, D > 1∫
A+BeCu
DeCu − 1 du =
∫
A+ Bv
Dv − 1
1
Cv
dv =
AD +B
CD
ln(Dv − 1)− A
C
ln v,
where v = eCu. Thus we have∫ t
0
Usds = 2 ln
(
cet
√
κ2+2γ − 1
)
− (κ+
√
κ2 + 2γ)t.
After inserting the last result in (47) we finish the proof. 
Remark 6.7. From Theorem 6.5 we can obtain the density of the vector
(
∫ t
0 YudZu,
∫ t
0 Y
2
u du). Indeed, Theorem 6.5 gives us, for a fixed t ≥ 0, the Laplace
transform of (Rt,
∫ t
0 Rudu) = (Y
2
t ,
∫ t
0 Y
2
u du). Inverting (for instance numerically)
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the Laplace transform we obtain the density of vector (Y 2t ,
∫ t
0
Y 2u du). For the ex-
tended Heston stochastic volatility model we have∫ t
0
YudZu = Y
2
t − Y 20 − κ
∫ t
0
θ(u)du + κ
∫ t
0
Y 2u du.
All these facts together give us numerically the form of density of Xt (see Theorem
2.2).
Remark 6.8. We can approximate the price of put option in an extended Heston
model in the case ρ ≤ 0 using Corollary 5.2 and Theorem 6.5. Indeed, for λ > 0 we
have ∫ ∞
0
e−λuE(u −Xt)+du = 1
λ2
Ee−λXt ,(57)
by (35). If ρ ≤ 0 and n ≤ 11−ρ2 for i ≤ n we can compute EX it using Theorem 6.5
(see (46)). Now, we use the following approximation
Ee−λXt ≈
n∑
i=0
(−λ)i
i!
EX it .
In result from (57) we have∫ ∞
0
e−λuE(u −Xt)+du ≈ 1
λ2
n∑
i=0
(−λ)i
i!
EX it =
n∑
i=0
(−λ)i−2
i!
EX it .(58)
Now to find the approximate price of the put option E(u −Xt)+ we have to find
the invert Laplace transform (at least numerically) of the left hand side of (58).
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